Abstract--A quantized control law for a class-D audio power amplifier is presented. The control law consists of two feedback compensators and a sliding-mode quantizer. The feedback compensators are designed to stabilize the class-D amplifier and eliminate switching noise and harmonics in the audio band, while the sliding-mode quantizer converts a continuous control signal to a quantized one that serves as a switching command to an H-bridge power converter. The entire control system is operated in sliding mode. A practical simple approach to designing the compensators is presented, and a three-level class-D audio power amplifier with an LC output filter is built for verification. The experimental results show a high-quality signal reproduction with audio-band distortion and noise as low as 0.019 % for a 1 kHz test input.
I. INTRODUCTION
A class-D audio power amplifier is known for efficient power amplification by generating a switching waveform across an LC filter plus a speaker [1, 2] . This paper views a class-D amplifier as a quantized control system that employs a finite number of discrete levels to control a plant formed by the output LC filter plus the speaker. Such control is commonly found in control systems in which switching devices such as relays or electronic switches are used to drive actuators. Quantized control owes most of its popularity in industry to the low circuit complexity and high power efficiency associated with the fact that the switching devices, easily driven by pulse signals, consume much less power generate less heat than linearly-driven transistors.
There are three main groups of methods for designing quantized control systems. The first group is to design a linear controller and then use a modulator, such as a highfrequency pulse-width modulator (PWM) [3, 4] or a sigma-delta modulator (SDM) [5, 6] , to convert a continuous control signal to a coarsely quantized one with its modulation noise eliminated within the control bandwidth. The second group of design methods is based on constrained optimization. Early studies mainly focused on the dynamic programming method to optimize the quadratic performance criteria [7, 8] . The major shortcoming of these dynamic programming-based methods is that the computations of optimal quantized control are complex and often depend on an exhaustive This work was supported by the National Science Council, Taiwan, under Grant NSC98-2221-E-110-067. search for solutions. The third group of methods is based on Lyapunov functions. Recently, much work has been conducted on the stabilization of a linear system using quantized control synthesized by this method. Ishii and Francis [9] proposed a quantized control with dwell time to stabilize a continuous-time linear plant. Bullo and Liberzon [10] optimized the quantizer to minimize the quantization error to reduce the invariant region of the state. The Lyapunov-based methods, proven effective in deriving the stabilizing quantization scheme, nevertheless shed little light on the synthesis of an optimal quantized control for a particular control task This work extends recently developed sliding-mode modulation [11] to sliding-mode quantized control by taking into account both the plant dynamics and the control objectives while doing quantization and modulation, hopefully to achieve better in-band noise attenuation, control performance, and stability. The proposed quantized control law incorporates the plant and reference models in forming a sliding function e, with a sliding-mode quantization scheme forcing the system to operate in the sliding mode e=0. The resulting slidingmode quantized control law has two advantages. First, the quantized control system in the sliding mode behaves like a linear system, thus greatly simplifying the analysis and design as compared with the conventional one. Second, the inclusion of the plant and reference models potentially improves the stability and performance of the control law.
II. SLIDING MODE QUANTIZED CONTROL
This section derives a sliding-mode quantized control law for reference tracking and noise attenuation, and supplies analyses for its stability and performance.
A. Choice of Sliding Function
Consider a tracking control problem in which the quantized control u at every instant is selected from a set S of discrete levels and applied to the plant P, such that the output y of the plant follows closely a given reference signal r. In this work, the quantized control is synthesized using the theory of sliding modes, with the sliding function chosen as a frequency-weighted sum of the tracking error y-r and the quantized control u, written in the s-domain as
where E, Y, R and U are Laplace transforms of e, y, r and u, respectively. Such a sliding mode is called dynamic 
B. Derivation of Sliding-Mode Quantized Control Law
Assume that plant P and weighting functions W 1 and W 2 are strictly proper, and that W 2 is of the following form
where, without loss of generality, coefficient k is assumed to be positive. To diminish e, a quantized control law is derived to satisfy,
For simplicity of notation, the derivation is performed in the s-domain, with all initial conditions ignored.
where L -1 denotes the inverse Laplace transform and
Sliding-Mode Quantized Control Law. A possible quantized control u ∈ S that guarantees (3) can be generated by quantizing signal u eq in (5), according to the following sliding-mode quantization rule, (6) where and are chosen from S as the nearest neighbors to u eq (t) with < u eq (t) < . Figure 1 displays the resulting quantized control system. The controller comprises two feedback loops around a sliding-mode quantizer. Two loop transfer functions are strictly proper, and so the feedback system can be practically realized.
C. Stability and Performance Analysis
When the system is in the ideal sliding mode e=0, the characteristic of the sliding surface is imposed on the system dynamics and the discontinuous quantized control u can be replaced by a continuous equivalent control to yield an identical state trajectory. The equivalent control of the system in Fig. 1 turns out to be the quantizer input u eq , which is obtained by imposing 0 = e in (4) and equating a dis-continuous control by a continuous one. Based on the equivalent control method [12] , two conditions suffice to guarantee the existence and stability of the sliding mode. First, the sliding mode exists if the values of u eq lie between the lowest and the highest quantization levels in S. Second, the stability in the sliding mode is maintained if the linear feedback system in Fig. 2 is internally stable.
In the ideal sliding mode e=0, the quantized control yields no observable noise at the output; unfortunately, an ideal sliding mode cannot be achieved in practice, because the switching rate of the device and the circuit that realize the quantizer is limited. To examine the effect of non-zero e, the output equation of the quantized control system is derived from Fig. 2 .
The output consists of a desired signal part and an unwanted noise part, which are related to r and e, respectively, by the transfer functions
T is referred to as a signal transfer function, and S as a noise transfer function. Both transfer functions are stable if the equivalent linear dynamics in Fig. 2 is stable. Nonzero sliding function e accounts for the noise and distortion at the output. Signal transfer function T is designed to faithfully reproduce the waveform of r. and noise transfer function S to eliminate noise. Therefore, ≈ T 1 and ≈ S 0 are desired within the control bandwidth. This goal can be achieved by selecting W 1 to have high gain over the entire control frequency band. Figure 3 displays a typical H-bridge output stage of a class-D audio amplifier. The MOSFET switches S1~S4 have three conduction modes: forward, reverse, and zero conduction; i.e., three levels available for the quantized control. The quantized control seeks to deliver a faithful audio signal to the speaker while eliminating in-band switching noise and harmonic tones. The LC network in combination with the 8 loudspeaker in Fig. 3 constitutes 
III. THREE-LEVEL CLASS-D AUDIO AMPLIFIER DESIGN

A. Circuit Design of Nonlinear Quantization Part
The nonlinear quantization part of the circuit implements the three-level sliding-mode quantization rule. The design of this part of the circuit must consider practical design issues other than just the basic switching logic. In the ideal sliding mode, the quantized control u=Q(u eq ) switches infinitely fast between the quantization levels to maintain e at zero. But a transistor that switches overly fast beyond switching rate limit may yield an incomplete switching waveform, causing performance degradation or even instability.
Common practice is to utilize a clocked quantizer to quantize with dwell time, with a clock signal's holding the switching command and setting the allowable minimum period between two consecutive switchings. Such controls are commonly called quantized controls with dwell time [9] . In this design, the dwell time is set to 0.25 s, which period is sufficiently long for the chosen MOSFET transistors to execute a complete switching action. At each rising edge of a 4MHz clock, the quantized control is determined by the quantization rule of (6) and held constant between two consecutive rising edges. Figure 4 displays the switching logic circuit that controls the H-bridge MOSFET switches according to the quantization rule, while producing roughly 25 ns of dead time in every switching transition to prevent the generation of shoot-through current by simultaneous conduction of the PMOS and NMOS transistors.
B. Circuit Design of Feedback Compensators
The design of the linear filtering part involves determining weighting functions W 1 and W 2 .
Design of W 1 : The reference signal band covers the entire audio band 20 Hz ~ 20 kHz. The control bandwidth is thus selected as s =2 ×2×10 4 rad/s. The order n of W 1 is set to 3, and the desired tracking error attenuation R s is set to 35 dB. A high-gain W 1 is obtained using the MATLAB code, Design of W 2 : W 2 is of relative degree one, and its poles are chosen to coincide with the poles of plant P and its zero and gain are selected to make W 2 roughly invert the plant dynamics Thus we have the entire quantized control system as displayed in Fig. 1 . The fact that its equivalent feedback system in sliding mode indeed has no internal unstable pole-zero cancellation and all its closed-loop poles are in the left half s-plane can be easily checked. Figure 5 presents the RC op-amp circuit of the filtering part of the quantized control law in Fig. 1 . It includes the ksW 1 , 1 2 − ksW , signal subtractor and integrator blocks whose gains are properly adjusted to increase the signalto-noise ratio and prevent saturation of the op-amps. The class-D amplifier is operated from a single 5V supply. Thus, the control u and output y at the H-bridge output stage have a maximum signal swing of 5 ± V, which is double the maximum swing 5 . 2 ± V of the RC op-amp filter circuit. Therefore, without sacrificing the maximum output power, the class-D amplifier is designed to have a gain of 2, with u and y fed back through a gain of 0.5 to fall in the operating range of the filtering part of circuit. Figure 6 plots the output waveform of the class-D amplifier in response to a fragment of music, with a pure 8 ohms as a load. The common performance index of an audio power amplifier is the total harmonic distortion plus noise (THD+N). Figure 7 shows the output spectrum of the class-D amplifier to which is input a 1kHz sinewave of amplitude 1.5V. The output contains the desired 1kHz signal tone with noise and harmonics highly attenuated, yielding a THD+N of 0.021%. The THD+N declines as the input amplitude increases, reaching the lowest THD+N of 0.019% when the input amplitude is 1.95V. This low level of distortion and noise is better than or comparable to that of the recent design [1, 2] . As the input amplitude increases further until u eq swings beyond the allowed quantization range ± 2.5V (Condition (C1) in Theorem 1), the performance begins to degrade. The allowable maximum input amplitude for THD+N < 0.1% is 2.15V, which corresponds to an output swing of ± 4.30V.
C. Experimental Results
IV. CONCLUSIONS
This work presents a quantized control law based on the theory of sliding modes, with the sliding function selected as a frequency-weighted combination of tracking error and control force. The sliding-mode quantized control can be seen as an extension of multilevel feedback modulation [11] to multilevel feedback control, with an additional output filter involved in feedback as a plant. The experimental results of the preliminary design show the effectiveness of the proposed design method. Further improvement on the robustness against speaker variations can be made by redesigning the controller with the speaker impedance modeled as series inductance and resistance instead of a pure resistance. A robust nine-level class-D amplifier with the same control structure but the improved optimized design will be reported elsewhere. 
